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This research explores the inﬂuence of distributed non-interpenetrating inhomogeneities on the contact
of inhomogeneous materials via a new efﬁcient numerical model based on Eshelby’s Equivalent Inclusion
Method. The half-space contact of a sphere with an inhomogeneous material is considered, and the solu-
tions take into account interactions between all inhomogeneities. The efﬁciency and solution accuracy of
the proposed method are demonstrated through comparative studies with those of an existing numerical
method and the ﬁnite element method. The inﬂuence of spatial inhomogeneity orientations on the con-
tact elastic ﬁeld is investigated and parametric studies are conducted for the effect of arbitrarily distrib-
uted inhomogeneities on the stress ﬁeld of the materials. The signiﬁcance of the inﬂuences of
inhomogeneity distribution parameters on the inverse volumetric stress integral is quantiﬁed and the
corresponding data are ﬁtted into selected several formulas as a step towards understanding the rolling
contact fatigue life of the materials.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
An inhomogeneity is a region having properties different from
those of the surrounding material (matrix) (Mura, 1993). Inhomo-
geneities often arbitrarily appear in many engineering materials.
When such a material is under external loading, inhomogeneities
can cause incompatibility of deformations in the inhomogeneities
and the matrix, as well as localized stress concentrations (Leroux
et al., 2010), thus inﬂuencing the mechanical and physical proper-
ties of the material (Murakami and Endo, 1994). These stress con-
centrations affect the service life of the material (Kuo, 2007).
Therefore, it is important to analyze the inhomogeneous distur-
bance quantitatively and to understand the failure mechanisms
induced by inhomogeneities.
The complex analysis as an efﬁcient analytical method was ﬁrst
proposed and applied to two-dimensional (2D) plane elasticity
cases by Muskhelishvili in the 1950s (Muskhelishvili, 1953). This
work inspired many other studies on 2D heterogeneous problems
(Gong and Meguid, 1993; Horii and Nemat-Nasser, 1985; Kushchet al., 2005). However, this approach requires a considerable ana-
lytical effort due to the difﬁculty in ﬁnding complex potentials that
match the interface conditions (Kushch et al., 2005). The well-
known equivalent inclusion method (EIM) was proposed by
Eshelby (1957, 1959) to treat the elliptical inhomogeneity problem
in an inﬁnite medium subjected to uniform loading. The EIM can be
effective in handling degenerated 2D plane inhomogeneities, as
demonstrated in our recent work (Jin et al., 2014); it is more
employed to solve three-dimensional (3D) problems involving a
single inhomogeneity (Yu and Kuang, 2003), double inhomogenei-
ties (Moschovidis and Mura, 1975) and even multiple ones (Shodja
and Roumi, 2005). The EIM has also been extended to the cases of
non-ellipsoidal shapes of inhomogeneities, such as cylinders (Wu
and Du, 1995a,b) and arbitrary shapes (Zhou et al., 2011b). In addi-
tion to the analytical methods above, the ﬁnite element method
(FEM) is also widely used (Meguid and Zhu, 1995; Singh et al.,
2011) for solving this type of problems. However, due to the
requirements for accurate boundary condition descriptions and
the long computation time involved, the FEM is not regarded as
an efﬁcient way to analyze problems involving inﬁnite dimensions
(Zhou et al., 2012).
Several recent publications introduced numerical approaches
(Jin et al., 2009; Leroux and Nélias, 2011; Wang et al., 2012b;
Zhou et al., 2011a) for problems involving inhomogeneities within
a semi-inﬁnite medium based on the EIM through replacing the
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eigenstrains distributed within each inclusion. The eigenstrain is
the generic name, deﬁned by Mura (1993), given to such non-
elastic strains as thermal expansions, plastic strains, and others.
The cuboidal inclusion solution introduced by Chiu (1977) is often
utilized as the basis for the numerical methods for determining the
equivalent eigenstrains. The eigenstrain within each elementary
cuboidal inclusion is considered uniform. The EIM utilized in these
methods can thus be viewed as a numerical EIM. The disturbed
elastic ﬁelds due to the eigenstrains can be formulated in terms
of the Galerkin vectors (Liu et al., 2012) or solved based on the
method by Zhou et al. (2009).
The present study considers the contact of a sphere and an
inhomogeneous half space, and focuses on the inﬂuence of distrib-
uted non-interpenetrating inhomogeneities on the contact
responses of such inhomogeneous materials. Ellipsoidal inhomoge-
neities are modeled because they can conveniently represent var-
ious shapes, such as spheres, ﬂat cracks, and cylindrical
microwires. The eigenstrain within each single equivalent ellipsoi-
dal inclusion is assumed uniform for solution efﬁciency. The pro-
posed new method has two portions: a numerical EIM to
determine the eigenstrains together with a superposition scheme,
and the solution of the elastic ﬁeld caused by the eigenstrains
using the new analytical solutions (Liu et al., 2012) based on the
Galerkin vectors.2. Description of the model and the solution methods
2.1. Model description
Suppose that a subdomain X is embedded in and perfectly
bonded within an elastic matrix occupying a half-space. The elastic
modulus of the matrix is Cijkl while that of the subdomain X is C

ijkl.
If Cijkl–C

ijkl is satisﬁed, the subdomain X becomes an inhomogene-
ity. When the matrix experiences an external load, the inhomoge-
neity should lead to a disturbance in a localized region. Fig. 1
shows the parametric model for a single inhomogeneity in the
half-space. Parameters x, y and z are used to determine the location
of the inhomogeneity, whose size is controlled by a, b and c. The
objective of the current work is to investigate the effect of inhomo-
geneities under the action of a contact pressure, instead of to solve
a contact problem (Li et al., 2013; Wang et al., 2012a,b, 2013a).
Therefore, the present work will start with a known Hertzx
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z
o
b
a
c
r
p0
*
ijklC
ijklC
Ω
y
x
z
Fig. 1. Parametric model for an inhomogeneity in a homogeneous half-space
subjected to a Hertz contact load (contact radius r and maximum pressure p0).
Parameters x, y, z and a, b, c are introduced to determine the location and size of the
inhomogeneity.pressure. A circular Hertz load is applied on the contact area
deﬁned by radius r, and the maximum pressure p0. For any point
s(a,b) on the surface, the applied normal stress,
p = p0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r2  a2  b2
q
=r:
The basic principle of the EIM is to assume that the existence of
an inhomogeneity adds a disturbance to the elastic ﬁeld of an
otherwise homogeneous material. The disturbance can be simu-
lated by the elastic ﬁeld resulting from a corresponding homoge-
neous inclusion with appropriately selected eigenstrains. Stress
rij of any point inside the inhomogeneity shown in Fig. 1 can be
solved from the following equation.
rij ¼ Cijklðehkl þ eklÞ ð1Þ
where ehkl is the strain caused by the Hertzian contact pressure, and
ekl is the strain disturbance induced by the inhomogeneity.
The stress rhij induced by the Hertzian contact pressure in the
absence of the inhomogeneity is
rhij ¼ Cijklehkl ð2Þ
In the equivalent inclusion, the strain, eij, consists of the elastic
strain eij and eigenstrain eij. The stress disturbance rij caused by
the inclusion is related to the elastic strain eij by Hooke’s law.
rij ¼ Cijklekl ¼ Cijklðekl  eklÞ ð3Þ
Note that eij in the above Eq. (3) is related to the eigenstrain, eij,
through the Eshelby tensor Sijkl.
eij ¼ Sijklekl ð4Þ
For an inﬁnite space problem, the Eshelby tensor Sijkl can be
expressed as
Sijkl ¼ 12
Z þ1
1
Cmnkl½Gim;njðx x0Þ þ Gjm;niðx x0Þdx0 ð5Þ
where Gijðx x0Þ is the Green’s function, which is also called the
fundamental solution, and Gij;kðx x0Þ ¼ @=@xkGijðx x0Þ ¼ @=@x0k
Gijðx x0Þ. The detailed expressions of Gijðx x0Þ can be found in
the work of Mura (1993). The present work considers the half-space
inclusions, and the corresponding Eshelby tensor can be obtained
by adding to the full-space solution a compensation term, which
will be discussed in details later (cf. Fig. 2).
The EIM principle implies that the superposition of the stresses
in Eqs. (2) and (3) is equivalent to the actual stress ﬁelds of the
inhomogeneity problem (Fig. 1). Substituting Eqs. (2) and (3) to
Eq. (1) yields
Cijklðehkl þ Sklmnemn  eklÞ ¼ Cijklðehkl þ SklmnemnÞ in X ð6Þ
Eq. (6) is the governing equation for implementing the EIM,
with which ekl can be determined for a single equivalent inclusion.
This equation is the core to handle multiple-inhomogeneity cases.
Assuming n non-interpenetrating inhomogeneities arbitrarily dis-
tributed in a half space, the strain eijðjÞ in the jth equivalent inclu-
sion is the summation of contributions from all the inclusions
within the computational domain, i.e.,
eijðjÞ ¼ Sijklð1; jÞeklð1Þ þ    þ Sijklði; jÞeklðiÞ þ    þ Sijklðn; jÞeklðnÞ
¼
Xn
i¼1
Sijklði; jÞeklðiÞ ð7Þ
where Sijklði; jÞ is the Eshelby tensor relating the eigenstrain of
equivalent inclusion i to the corresponding induced strain ﬁeld of
, ,zz zx zyτ τ τ
Fig. 2. Schematic of the half-space inclusion solution composed of two parts: the inclusion solution in the full space and the homogeneous solution in the half space with
surface traction cancelation.
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form.
Ae ¼ b
A ¼
að1;1Þ að1;2Þ    að1; jÞ    að1;nÞ
að2;1Þ að2;2Þ    að2; jÞ    að2;nÞ
..
. ..
. . .
. ..
. . .
. ..
.
aði;1Þ aði;2Þ    aði; jÞ    aði;nÞ
..
. ..
. . .
. ..
. . .
. ..
.
aðn;1Þ aðn;2Þ    aðn; jÞ    aðn;nÞ
2
66666666664
3
77777777775
;
e ¼
eð1Þ
eð2Þ
..
.
eðiÞ
..
.
eðnÞ
2
66666666664
3
77777777775
; b ¼
bð1Þ
bð2Þ
..
.
bðjÞ
..
.
bðnÞ
2
66666666664
3
77777777775
ð8Þ
where aði; jÞ ¼ Tði; jÞ  CðjÞ  Sði; jÞ. If i = j, Tði; jÞ ¼ C  Sði; jÞ; if not,
Tði; jÞ ¼ C  ðSði; jÞ  IÞ. I is a unit matrix, and
bð jÞ ¼ CðjÞ  e0ð jÞ  r0ð jÞ.
Interactions among all inhomogeneities are accounted in
Eq. (8). Due to linearity and the randomness of inhomogeneity
locations, LU decomposition (Bartels and Golub, 1969) is employed
to determine the unknown eigenstrains in Eq. (8).
The current formulation for solving contact problems utilizing
the numerical EIM assumes that the eigenstrain in an inclusion
in the half-inﬁnite matrix is uniform. Taking the advantage of
our new effective superposition approach (Wang et al., 2013b),
the stress solution of any point p within the matrix is composed
of two parts (Fig. 2) instead of three parts presented in the work
of Chiu (1977), the inclusion solution in the full space and the
homogeneous solution in the half space with surface traction
cancelation.
The elastic solutions of the ﬁrst part for both the interior and
exterior points of an inclusion can be solved based on the work
of Ju and Sun (1999) and Jin et al. (2011), which provided the
closed-form solution of the Eshelby tensor of an ellipsoidal inclu-
sion in an inﬁnite matrix. The Eshelby tensor Sijkl for an exterior
point is expressed as follows.Sijkl ¼ dijdkl m1 mG
ð1Þ
I ðkÞ þ Gð2ÞIK ðkÞ
h i
þ ðdikdjl þ dildjkÞ
 G
ð1Þ
I ðkÞ þ Gð1ÞJ ðkÞ
2
þ Gð2ÞIJ ðkÞ
" #
þ Gð3ÞI ðkÞðdijnknl þ dilnjnkÞ
þ Gð3ÞJ ðkÞðdjkninl þ djlninkÞ þ Gð3ÞK ðkÞðdklninj þ dkinjnlÞ
þ Gð4ÞijklðkÞ þ ½Gð5ÞIJKLðkÞ þ Gð6ÞðkÞninjnknl ð9Þ
where dij is Kronecker’s delta, k is the largest positive root of Eq. (10)
for any point p ¼ ðx; y; zÞ located outside of the inclusion.
x2
a2 þ kþ
y2
b2 þ k
þ z
2
c2 þ k ¼ 1 ð10Þ
Variable n in Eq. (9) is the component of the outward unit nor-
mal vector n ¼ ðnx;ny;nzÞ at point p on the imaginary ellipsoidal
surface. Detailed expressions of G are given in Appendix. A. The
Eshelby tensor, Sijkl, for the interior ﬁeld of the inclusion is less
complex and can be derived from Eq. (9) by letting k and n vanish
(Jin et al., 2011).
On the other hand, the latter part in Fig. 2 is a homogenous
solution of the half space with the surface tractions cancelation.
In order to solve the subsurface stress ﬁeld, the corresponding sur-
face tractions domain is decomposed into Nx  Ny rectangular ele-
ments of the same size. The domain of surface tractions is always
two times the domain that encloses all the inclusions considered
in the computations in both the x and y directions in order to
account the traction effect accurately. The stresses at any point
pðx; y; zÞ in the half space can be expressed as the superposition
of contributions from tractions of each surface element sða0; b0Þ as
follows (Liu and Wang, 2002).
rhijðx; y; zÞ ¼
XNy
b0
XNx
a0
TSijðx a0; y b0; zÞSða0;b0Þ
þ
XNy
b0
XNx
a0
TPijðx a0; y b0; zÞPða0;b0Þ ð11Þ
where Pða0;b0Þ and Sða0;b0Þ are surface tractions, TPij and TSij are the
inﬂuence coefﬁcients determined by integrating the product of
the Green’s function and the shape function over each discrete ele-
ment. Detailed expressions of TPij and T
S
ij are available in Liu and
Wang (2002).
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Fig. 3. Discretization for computation.
Table 1
Computation times for different methods using different mesh sizes. (100 arbitrarily
distributed inhomogeneities of radius = 0.148r).
Mesh size The current method
(s)
The method by Liu et al.
(s)
FEM
16  16  16 0.8 8.5 2.1 s
32  32  32 6.1 72.4 25.5 s
64  64  64 54.3 598.0 1493.3 s
128  128  128 741.3 7731.1 N.A.
0.0
0.4
0.8
1.2
1.6
2.0
2.4
Total computational time
 Time for solving disturbed stress
Ti
m
e 
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Inhomogeneity amount
1      5   10    50  100  500   1k    2k    3k    4k  5k    6k
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M
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Total memory consumption
 Memory for solving disturbed stress
Fig. 4. Computation time and memory usage by the current new method for
different numbers of inhomogeneities in a ﬁxed computational domain discretized
to 128  128  128 meshes. (100 arbitrarily distributed inhomogeneities of
radius = 0.148r).
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The disturbed stress ﬁeld induced by the eigenstrains is formu-
lated as follows (Liu et al., 2012; Wang et al., 2012b).
routij ¼
l
4pð1 mÞ
Z
X
ðHij  RI;ij  R;ij  2zR;3ij þ 2z2 U;ijÞ½edsrinij
¼ routij  2leij 
2l
1 m me

kkdij ð12Þ
where routij and rinij are the stress disturbances of points located
outside of and inside X, respectively, and ½e ¼ ½e11; e22; e33;
2e23;2e13;2e12. Vector s indicates a source or excitation point. Vec-torsH; RI; Rand Uij are the second-order derivatives of the potentials.
Double bars denote double derivatives, and the comma sign associ-
ated with each of them indicates partial differentiation. These vec-
tors are utilized for further simpliﬁcation of the expressions for the
disturbed elastic ﬁeld, and
R ¼ ½R;11 R;22 R;33 R;23 R;13 R;12 
RI ¼ ½RI;11 RI;22 RI;33 RI;23 RI;13 RI;12 
U ¼ ½/;11 /;22 /;33 /;23 /;13 /;12 
H ¼ ½H11 H22 H33 H23 H13 H12 
ð13Þ
Assume that (a; b; c) denotes an response point, while (a0; b0; c0)
is a source or excitation point, then
RI ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða a0Þ2 þ ðb b0Þ2 þ ðc c0Þ2
q
, R ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ða a0Þ2 þ ðb b0Þ2þ
q
ðcþ c0Þ2, and / ¼ 1=R. RI and R are bi-harmonic potentials and /
is a kind of harmonic potentials. H is deﬁned in detail in the work
of Liu et al. (2012).
The domain for calculation is discretized into ﬁnite cuboidal ele-
ments (Nx  Ny  Nz) of the same size (Fig. 3). Each cuboid has three
sides of length Dx, Dy, Dz in the x, y, and z directions, respectively.
The eigenstrain, ekl, inside each of the elements is approximately
uniform, where the elastic ﬁeld is obtained by summation of contri-
butions from all the elements using Kð0Þijkl;K
ð1Þ
ijkl;K
ð2Þ
ijklandK
ð3Þ
ijkl, the
inﬂuence coefﬁcients relating the eigenstrains with the disturbed
stresses.
rijða; b; cÞ ¼ l4pð1 mÞ
XNz
c0¼1
XNy
b0¼1
XNx
a0¼1
Kð0Þijklða a0; b b0; c c0Þeklða0; b0; c0Þ
0
@
þ
XNz
c0¼1
XNy
b0¼1
XNx
a0¼1
Kð1Þijklða a0; b b0; cþ c0Þeklða0; b0; c0Þ
þc
XNz
c0¼1
XNy
b0¼1
XNx
a0¼1
Kð2Þijklða a0; b b0; cþ c0Þeklða0; b0; c0Þ
þc2
XNz
c0¼1
XNy
b0¼1
XNx
a0¼1
Kð3Þijklða a0; b b0; cþ c0Þeklða0; b0; c0Þ
1
A;
1 6 a 6 Nx;1 6 b 6 Ny;1 6 c 6 NzÞð ð14Þ
The four multi-level summations on the right hand side of Eq.
(14) are related to discrete convolution and correlation. Here, the
ﬁrst term can be calculated using the 3D discrete convolution
and FFT (DC-FFT) algorithm (Liu and Wang, 2002; Liu et al.,
2000), while the other three terms can be efﬁciently handled
through the combined 3D discrete convolution-discrete correlation
and FFT (DC-DCR-FFT) algorithm (Liu andWang, 2005). The current
work has demonstrated that those FFT-related algorithms can sig-
niﬁcantly reduce the computational burden.
Take the inﬂuence coefﬁcient, Kð2Þijkl, in one of the convolution–
correlation terms as an example, the detailed expressions of the
inﬂuence coefﬁcients can be determined as follows.
Kð2Þijklða a0; b b0; cþ c0Þ ¼ kijklðx1; y1; z1Þ þ kijklðx2; y1; z1Þ
 kijklðx2; y2; z1Þ þ kijklðx1; y2; z1Þ
 kijklðx1; y2; z2Þ þ kijklðx1; y1; z2Þ
 kijklðx2; y1; z2Þ þ kijklðx2; y2; z2Þ ð15Þ
where
x1 ¼ a a0  Dx=2; x2 ¼ a a0 þ Dx=2;
y1 ¼ b b0  Dy=2; y2 ¼ b b0 þ Dy=2;
z1 ¼ c c0  Dz=2; z2 ¼ c c0 þ Dz=2:
ð16Þ
Details for functions kijklðn1; n2; n3Þ in Eq. (15) are given in Appendix
A2 in the paper of Liu et al. (2012). For instance, k1113ðn1; n2; n3Þ can
be derived as following.
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Fig. 5. Comparison for accuracy evaluation. (a) A spherical inhomogeneity for result comparison; (b) von Mises stress distributions along the z-direction obtained by the three
methods, H/D = 2.0; (c) von Mises stress distributions along the z-direction obtained by the three methods, H/D = 2.5; (d) von Mises stress distributions along the z-direction
obtained by the three methods, H/D = 3.0; (e) average relative deviations of the stress solved by the numerical methods. FEM solutions from a ﬁner mesh are used as
references.
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þ 2A2;13311ðn1; n2; n3Þ ð17Þ
where H = 1  m, Ai (i = 0, 1, 2, 3) is the integral forms for the men-
tioned bi-harmonic potentials and harmonic potentials; while their
detailed expressions can be found in Eqs. (23)-(26) in the paper of
Liu et al. (2012). Moreover, the explicit expressions of the inﬂuence
coefﬁcient, Kð0Þijkl, in the convolution term of Eq. (14) are listed in
Appendix A in one of our recent works (Wang et al., 2013b).
3. Model validation and results veriﬁcation
Comparative analyses are performed to evaluate the efﬁciency
and accuracy of the new method. The results obtained are com-
pared with those solved by the FEM and the accurate numerical
method of Liu et al. (2012), which is based on the numerical EIM
and Galerkin vectors. Note that the conjugate gradient method(CGM) (Polonsky and Keer, 1999) combined with the 3D-FFT
(Zhou et al., 2011a) are applied to solve for the unknown eigen-
strains in Liu et al. (2012).3.1. Efﬁciency, memory usage and accuracy
Table 1 compares the calculation efﬁciency of the proposed and
reference methods for solving the problem involving 100 arbi-
trarily distributed spherical inhomogeneities. The volume fraction
of the inhomogeneity is about 5%; the computational domain of
3r  3r  3r (r is the contact radius) is discretized with different
meshes, and the radius of the inhomogeneities is 0.148r. All com-
putations are performed on a personal computer with a 2.60 GHz
i7 quad-core CPU and 8.0 GB memory. The table reveals that with
the same discretization, the computation time used by the new
method is much shorter than that by the other two methods.
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Fig. 6. Effect of inhomogeneity distance on the solution accuracy. (a) Double-
inhomogeneity problem. The double inhomogeneities are embedded in an inﬁnite
matrix, subjected to a remote external load p0 in the y–y direction. The elastic
modulus of inhomogeneities is four times that of the matrix; (b) von Mises stress
distributions along the x-direction solved by the FEM, the current method and the
incomplete solution for d = 2.5D (upper), d = 1.5D (middle) and d = 1.25D (lower),
respectively; (c) deviations of the numerical results produced by the current
method and the incomplete method from the FEM results (solved with a ﬁner
mesh) as a function of inhomogeneity distance d.
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increase sharply with mesh size. The computation time used for
the LU decomposition and the proposed method increases with
the number of unknowns. Fig. 4 shows the time and memory used
by the new method with the 128  128  128 discretization of the
same computational domain. The number of arbitrarily distributed
spherical inhomogeneities changes from 1 to 6000. The radius of
the inhomogeneities is set to be 0.02r; the volume fraction of the
inhomogeneities changes with the variation of the amount of inho-
mogeneities. The time consumption and memory occupation for
determining the disturbed stress ﬁeld depend only on the
discretization. With a ﬁxed discretization, the computation time
and memory usage remain the same, 731 s and 595 MB, respec-
tively (Fig. 4). The two values are the same as those when using
the accurate numerical method of Liu et al. (2012) for solving the
disturbed stress ﬁeld because of the same basis of the Galerkin
vectors.
The total computation time and memory usage required by the
method of Liu et al. (2012) are determined by the mesh size only if
the iterative number is ﬁxed. However, the efﬁciency of the new
method is advantageous in eigenstrain determination, mainly
due to the fact that ellipsoidal inhomogeneities, rather than rectan-
gular elements generated by discretization, are employed as the
basic element. Assuming there are n inhomogeneities in the com-
putational domain discretized with Nx  Ny  Nz meshes. The
computational time for the current method in determining the
unknown eigenstrains within the inclusions is O(2n3/3), while for
existing methods, like the method by Liu et al. (2012), the corre-
sponding time for one iteration is 3456NxNyNzln8NxNyNz (Wang
et al., 2013b). The inhomogeneity number is always far less than
that of the mesh, therefore, the current method can increase the
computational efﬁciency. A considerable memory size would be
consumed by the new method if the number of inhomogeneities
becomes signiﬁcantly larger due to the LU decomposition, which
could be a possible constraint for the application of the new
method in solving the contact problems of inhomogeneous materi-
als with densely distributed inhomogeneities.
3.2. Accuracy
A single spherical inhomogeneity problem (Fig. 5a) is solved for
accuracy evaluation. Set the diameter of the inhomogeneity as
D = r. The depth, H, is deﬁned as the distance from the center of
the inhomogeneity to the surface. The computational domain is
selected to be 4r  4r  4r (r is the contact radius) and the mesh
of 128  128  128 is used to discretize the computational
domain. The results by the FEM with a ﬁner discretization are
employed as references. Both stiff (Ei/Em = 4.0) and compliant
(Ei/Em = 0.25) inhomogeneities are considered. The Young’s moduli
of the inhomogeneity and matrix are, respectively, Ei and Em.
The von Mises stress ﬁelds of the case with H/D = 2.0 computed
with the current method, the method by Liu et al. (2012) and the
FEM are shown in Fig. 5b. The stress ﬁeld is disturbed by the inho-
mogeneities, and the stress is higher inside the stiff inhomogene-
ity. On the other hand, stress reduction is observed inside the
compliant inhomogeneity. Both the current method and the
method by Liu et al. (2012) capture the disturbance of the elastic
ﬁeld, but the latter produce more accurate results, especially in
the region closer to and within the inhomogeneity. The accuracy
of the current method increases when H/D changes to 2.5 and
3.0, the inhomogeneity moving away from the surface, as shown
in Fig. 5c and d. The method by Liu et al. (2012) has advantage in
accuracy compared with the present method. The relative inaccu-
racy of the current method is due to assumption of uniform eigen-
strain within each ellipsoidal inclusion in the semi-inﬁnite
medium. This is a trade-off for the high computational speed.More calculations were conducted in order to understand quan-
titatively the inﬂuence of the assumption of the uniform eigen-
strain distribution in each inclusion on the solution accuracy. The
3416 Q. Zhou et al. / International Journal of Solids and Structures 51 (2014) 3410–3421same spherical inhomogeneity (Fig. 5a) is used again but its loca-
tion varies to approach the surface of the semi-inﬁnite matrix.
The same discretization, 128  128  128, is applied. In our recent
study (Zhou et al., 2014), the stress concentrations for 2D elliptical
inhomogeneities have been studied. The deviations of the stress
concentration factors obtained by a similar numerical method
were proven acceptable for the 2D calculations. In this work, aver-
age relative error analyses of the current method against the FEM
solutions solved with a much ﬁner mesh are conducted in order to
calibrate the current method. The average relative errors of the von
Mises stresses along the z-direction, deﬁned by Eq. (18), are plotted
in Fig. 5e.
d ¼
XN
i¼1
jrivm  rF;ivmj
jrF;ivmjN
 100% ð18Þ
where rivm is the von Mises stress obtained by one of the numerical
methods at the ith element; rF;ivm is that by the FEM. N is the total
amount of elements considered in the comparison.
As the depth,H, of the inhomogeneity changes from3.0D to 0.5D,
the result accuracy of the method by Liu et al. (2012) is well main-
tainedwhile the results from the newmethoddeviatemore notably.
However, the obtained results also conﬁrm that the proposed
method performs better in accuracy when H/D increases. The com-
parative study suggests that the use of the proposed new method
should avoid the cases with inhomogeneities close to the matrix
surface. Speciﬁcally, in order to obtain reasonably accurate results
with average errors less than 10%, the location depthH for a compli-
ant inhomogeneity must not be smaller than 3.0D (Fig. 5e).
The accuracy of the new method for solving a multiple-
inhomogeneity case is studied next. Double inhomogeneities are
considered (Fig. 6a), where the inhomogeneities have same sizeθ
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Fig. 7. Effect of inhomogeneity spatial orientation on the contact elastic ﬁeld of the matri
of different orientations.and elastic properties (Ei/Em = 4.0). In order to eliminate the inﬂu-
ence of the surface when studying the interaction between two
inhomogeneities, one may assume that the two inhomogeneities
are perfectly embedded in an inﬁnite matrix. Remote external load
p0 is applied in the y–y direction. The distance between the centers
of the two inhomogeneities is d. The stiff inhomogeneity cases are
considered here. Distance d is varied from 2.5D to 1.025D. Fig. 6b
illustrates the von Mises stress distributions solved by the FEM,
the new method and the one without considering inhomogeneity
interaction (named as the incomplete solution), respectively. The
upper part of the ﬁgure shows the results of the double-inhomoge-
neity problem for d = 2.5D. Both the new method and the incom-
plete solution can achieve good results as compared with those by
the FEM. Thus, when two inhomogeneities are sufﬁciently far from
each other, the interaction between them is negligible. As the two
inhomogeneities move closer, their interaction becomes more sig-
niﬁcant. When distance d between the inhomogeneities becomes
1.5D, the stress ﬁelds within the inhomogeneities become non-uni-
form. However, in this case, the proposed method still captures the
disturbed stress ﬁeld well. The results of the incomplete solution
deviate from the FEM solution. When the distance is reduced to
1.25D, the stresses between the two opposite ends of the inhomoge-
neities increase sharply. The results from both methods deviate
from those solved with the FEM, and the incomplete solution pro-
duces worse results.
By changing the distance d, shown in Fig. 6a, the relative devi-
ations of the von Mises stresses solved by the new method and the
incomplete method are shown in Fig. 6c. When the distance
between inhomogeneities is larger than 1.025D, the proposed
new method can yield relatively accurate results with less than
10% error with respect to the solutions obtained with the FEM
while achieving high efﬁciency in computation.η
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4.1. Inhomogeneity with arbitrary orientation
Spatially distributed inhomogeneities may appear at any arbi-
trary orientations. In this paper, Euler angles h, n and g are
introduced to characterize the orientations of an inhomogeneity,
as shown in Fig. 7a. Using the Euler angles, the rotation matrix,
A, is deﬁned as (Shabana, 2005)
A ¼
a11 a12 a13
a21 a22 a23
a31 a32 a33
2
64
3
75 ð19Þwherea11 ¼ cos h cosg sing sin h cos n;
a12 ¼ sin h cosgþ sing cos h cos n;
a13 ¼ sin n sing; a21 ¼  cos h sing cos n sin h cosg;
a22 ¼  sin h singþ cos n cos h cosg; a23 ¼ sin n cosg;
a31 ¼ sin h sin n; a32 ¼  cos h sin n; a33 ¼ cos n
Any rotationmatrix can be decomposed to a product of three ele-
mental rotation matrices, corresponding to the three Euler angles.
An ellipsoidal inhomogeneity is used to show the effect of the
spatial orientation of the inhomogeneity on the elastic ﬁeld of the
3418 Q. Zhou et al. / International Journal of Solids and Structures 51 (2014) 3410–3421matrix. The aspect ratio of the model t = a/b = a/c = 2.0. Set h = 0,
n = 90 and g = 0, 45 and 90 respectively. Fig. 7b shows the corre-
sponding von Mises stress ﬁelds of the three cases. The present
method is also capable of considering the orientation of distributed
inhomogeneities, and the detail is given in the next section.4.2. Parametric study on the volumetric stress integral
Zaretsky (1987) proposed a fatigue life model to predict the fati-
gue life of rolling bearings. The probability of survival, S, can be
expressed through the volumetric integral of an equivalent stress
over the stressed volume,
R R R
V redV , and the contact fatigue life
N as follows using e as the Weibull slope and c as the stress
exponent.ln
1
S
 Ne
Z Z Z
V
rece dV ð20Þ
The exponents used in the equation above are material con-
stants to be determined from experimental data. The subsurface
stress distribution can be calculated through the proposed new
method. The von Mises stress is selected as the equivalent stress
in the model. The stress cycle, N, is almost inversely proportional
to the volumetric stress integral
R R R
V r
ec
e dV when the failure
probability is S = 50% (Greco et al., 2010). Thus, the approximate
trend of the contact fatigue life of a material with distributed
inhomogeneities can be qualitatively characterized. As mentioned-0.4 -0.2 0.0 0.2 0.4
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Fig. 9. von Mises stress ﬁelds and stress concentrations caused by an inhomogeneity. (a
inhomogeneity with aspect ratio t = 1/3; (d) a rigid inhomogeneity with aspect ratio t =in Section 2.2, the computational domain is discretized into
Nx  Ny  Nz cuboidal elements of the same size. Vol(re) is
employed to express the volumetric stress integral, i.e.,
VolðreÞ ¼
XNz
c
XNy
b
XNx
a
rece ða;b; cÞ ð21Þ
In the following, the value of the inverse volumetric stress inte-
gral is normalized by that of the homogenous case of the matrix
material, Vol(re)H (VolðreÞH ¼
PNz
c
PNy
b
PNx
a r
ðhÞec
e ða; b; cÞ). rðhÞe is the
obtained equivalent stress for the homogenous case. Both stiff
(Ei/Em = 4.0) and compliant (Ei/Em = 0.25) inhomogeneities are con-
sidered. The computational domain is selected to be 3r  3r  3r
discretized into 128  128  128 meshes. The involved inhomoge-
neities in the following computations are arbitrarily distributed. A
random number generation subroutine in Fortran (Chapman,
2004) is used to determine the locations of the arbitrarily distrib-
uted inhomogeneities.
4.2.1. Volume ratio
The inﬂuence of the volume ratio of the inhomogeneities on the
inverse volumetric stress integral is investigated ﬁrst. The chosen
inhomogeneities are equal-size spheres with the radius a of 0.1r.
The volume ratio varies from 0.0% to 10.0%. It is also ensured that
the distance between inhomogeneities is no less than 2.05a for
model accuracy. The results are plotted in Fig. 8a. Both stiff and
compliant inhomogeneities could cause reductions of the inverse
integral, which suggests reductions in the material contact fatigue
life. The inverse integral becomes smaller when the value of the-0.4 -0.2 0.0 0.2 0.4
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same size are embedded in the domain, causing stronger
interactions between those inhomogeneities. Moreover, the
inverse integral generated by the distributed stiff inhomogeneities
is found to be lower than those by the compliant inhomogeneities.
As mentioned before, a compliant inhomogeneity may cause
reduced stress inside it and in its surrounding when the material
mismatch between the two materials is not high. The obtained
data well ﬁt to an exponential function and a power function,
shown in Fig. 8a, for the compliant and stiff inhomogeneities,
respectively.
4.2.2. Inhomogeneity size
The domain including 200 spherical inhomogeneities of the
same size, varying from 0r to 0.18r, is analyzed ﬁrst to study the
effect of inhomogeneity size. It is difﬁcult to generate distribution
of large size inhomogeneities due to the non-interpenetrating
assumption. The simulation results are shown in Fig. 8b. Similar
to what observed in the volume fraction effect, higher inverse inte-
gral values are found for the compliant inhomogeneities than for
the stiff ones. When the inhomogeneities become larger in size,
the volume ratio of the inhomogeneity increases as well, and a
more severe reduction in the inverse integral value is expected.
Next, the volume fraction of spherical inhomogeneities is ﬁxed at
2%. In this case, the radii of the inhomogeneities vary from 0.05r
to 0.25r. As shown in Fig. 8c, the downward trends of the integral
values for both the stiff and compliant cases become ﬂatter than
those in Fig. 8b. This means the volume ratio inﬂuences more than
size on the integral value.
4.2.3. Aspect ratio
The aspect ratio of 200 inhomogeneities, t = a/b = a/c, varies
from 1.0 to 5.0. The volume fraction of the inhomogeneities is
maintained at 3%. Fig. 8d plots the computational results. The
effect of the aspect ratio is not as signiﬁcant as that of the volume
ratio. Moreover, the aspect ratio for stiff and compliant inhomoge-
neities produces contrary effects on the inverse integral. To be spe-
ciﬁc, the inverse integral slightly increases when the aspect ratio of
stiff distributed inhomogeneities continues to increase; the trend
reverses for compliant inhomogeneities. The inverse integral is
more sensitive to stresses of higher values due to the exponents
in Eq. (20), and the difference is related to the stress concentrations
of the inhomogeneity. Fig. 9 shows the stress ﬁelds and stress con-
centrations for two extreme cases of inhomogeneities, a cavity and
a rigid ellipsoid. When the aspect ratio is larger, the stress concen-
tration is stronger for the former (Fig. 9a and b) at the ends of the
major axes. The stress increases within the rigid inhomogeneities,
but this effect becomes weaker when the aspect ratio is larger, as
shown in Fig. 9c and d.
4.2.4. Spatial orientation
The spatial orientation of a single inhomogeneity causes the
variation of the elastic ﬁeld, and so does that of the 200 inhomo-
geneities of the same size with the semi major axis a = 0.1r and
the aspect ratio t = 2. The volume inhomogeneity ratio is 0.77%.
Due to the symmetric characteristic of the model, the inhomoge-
neities only need to be rotated around their minor axis (setting
the Euler angles h = 0, n = 90, while changing g from 0 to 90)
in the y-direction. The results are shown in Fig. 8e. If the distrib-
uted inhomogeneities are rotated clockwise, the inverse integral
increases slightly for the compliant case. As stated above, exterior
load causes stress concentrations at the ends of the semi axes per-
pendicular to the loading direction for the compliant inhomoge-
neities (Fig. 9a and b). The major axis of the compliant
inhomogeneity is perpendicular to the load initially, and the max-
imum stress concentrations are seen at their vertexes. When theinhomogeneity is rotated clockwise, the longest axis is no longer
parallel to the surface and the stress concentration effect is
reduced, leading to the increase in the inverse integral. For stiff
inhomogeneities, the same rotation causes the opposite change
of the inverse integral.4.2.5. Elastic modulus
In above parametric studies, the existence of distributed inho-
mogeneities with the two different moduli produces very different
results. Therefore, it is necessary to investigate the effect of modu-
lus variation on the inverse volumetric stress integral of heteroge-
neous materials. The spherical inhomogeneities with radius
a = 0.1r were analyzed, and two cases with volume ratios of 1%
and 3% were taken into consideration. For the stiff inhomogeneity
cases, the modulus of the inhomogeneity is normalized by the
matrix modulus and the modulus ratio changes from 1 to 40. For
the compliant case, the matrix modulus is normalized by that of
the inhomogeneity as an independent variable ranging from 1 to
40.
The results are represented in Fig. 10a and b. Again, the cases
with the higher volume ratio would generate smaller inverse inte-
grals, consistent with the results of the volume ratio effect men-
tioned above. For cases with same material mismatch between
the matrix and inhomogeneity, the obtained results for the stiff
and compliant cases are different. The compliant inhomogeneity
groups produce relative higher inverse integral values. In addition,
if the mismatch between the two materials is larger, the achieved
3420 Q. Zhou et al. / International Journal of Solids and Structures 51 (2014) 3410–3421integral values become smaller for both the stiff and compliant
cases due largely to the local stress increases.
5. Conclusions
An efﬁcient approximate numerical method for studying the
inﬂuence of distributed non-interpenetrating inhomogeneities on
the contact properties of inhomogeneous materials is proposed
in this paper. The method is based on the equivalent inclusion
method, developed using the superposition principal and the dis-
turbed stress ﬁeld solutions of Liu et al. (2012). Ellipsoidal inhomo-
geneities are considered as the fundamental elements instead of
the cuboid solutions used previous numerical methods. This mod-
iﬁcation greatly improves the computation efﬁciency as long as the
distance between inhomogeneities, d, is large than 1.025D for an
error smaller than 10%. Inhomogeneity distribution parameters of
stiff and compliant inhomogeneities were investigated for their
effects on the inverse volumetric stress integral, and corresponding
curve ﬁtting equations were obtained. The following conclusions
are obtained.
(1) Decrease in the inverse integral caused by stiff inhomogene-
ities is always more severe than that by compliant
inhomogeneities.
(2) Increase in inhomogeneity volume ratio, particle size, and
material mismatch cause the inverse integral to decrease
for both the stiff and compliant cases.
(3) Inhomogeneities with higher aspect ratios induce a reduc-
tion in the inverse integral for the cases of compliant inho-
mogeneities and an increase in the inverse integral for the
stiff cases.
(4) A larger Euler angle g leads to an increase in the inverse inte-
gral for the cases with compliant inhomogeneities and a
decrease of the inverse integral for the cases with stiff
inhomogeneities.
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for the Central Universities (No. CDJZR14285501).Appendix A. Detailed expressions of the G functions
Detailed expressions of the G functions were derived by Jin et al.
(2011), which are listed as follows for convenience in use.
Gð1ÞM ðkÞ ¼ JMðkÞ ðA:1Þ
Gð2ÞMNðkÞ ¼
1
2ð1 mÞ a
2
NJMN  JMðkÞ
  ¼ Gð2ÞNM ðA:2Þ
Gð3ÞM ðkÞ ¼
q1ðkÞq2ðkÞq3ðkÞ
2ð1 mÞ ½1 q
2
MðkÞ ðA:3ÞGð4Þijkl ¼ 
q1ðkÞq2ðkÞq3ðkÞ
2
diknjnl þ dilnjnk þ djkninl þ djlnink þ 2m1 m dklninj
 
ðA:4Þ
Gð5ÞIJKLðkÞ ¼
q1ðkÞq2ðkÞq3ðkÞ
1 m ½q
2
I ðkÞ þ q2J ðkÞ þ q2KðkÞ þ q2L ðkÞ ðA:5Þ
Gð6ÞðkÞ ¼ q1ðkÞq2ðkÞq3ðkÞ
2ð1 mÞ ½qmðkÞqmðkÞ  4q
2
MðkÞnmnm  5 ðA:6Þ
where
qMðkÞ ¼
aMﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2M þ k
q
Variable aM is the semi-major-axis of the ellipsoidal inclusion.
Functions JM and JMN in above equations are related to the I-integrals
in the work of Mura (1993) as follows.
JMðkÞ ¼
1
4p
IM; JMNðkÞ ¼
1
4p
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